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Abstract 

The massless fermion hmit of QED is discussed. For on-shell renormahsation 
the high energy behaviour fixes no lower limit on the mass of the lightest fermion if 
the fine structure constant a is allowed to vary. The choice of an arbitary (space- 
like) subtraction point does, however, fix a lower limit on the mass of the lightest 
fermion, for any subtraction scale n, if the effective charge a'^^^ {^) respects both 
quantum mechanical superposition and renormahsation scale invariance. Limits on 
the values of a or the electron mass are obtained within the Standard Electroweak 
Model by requiring convergence 
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1 Introduction 



The massless fermion limit of QED has been discussed in the classic papers of Ki- 
noshita [|l] and Lee and Nauenberg [Q. The results contained in these papers are tradi- 
tionally referred to in the literature as the 'KLN' theorem. 

The essential conclusion of Kinoshita was the remark that, although unrenormalised 
Ultra- Violet (UV) divergent amplitudes containing fermion loops are finite in the massless 
fermion limit, this is no longer the case after charge renormalisation. The renormalised 
amplitudes contain terms proportional to a^ln(Q/m/) where a is the fine structure con- 
stant, Q the physical scale and m/ the renormalised fermion mass. For fixed a, Q the 
amplitudes are then logarithmically divergent as mj — > 0. If, however, a and mj are 
treated as free parameters, then, as discussed below, with a suitable choice for a the 
divergent part of the amplitude may have any finite value, for any non-zero value of m/, 
however small. Indeed, experimental measurements at scales ^ m/ cannot then sepa- 
rately determine a and m/. Since, in this case, m/ can, in practice, be as small as desired, 
such a theory is called here 'quasi-massless'. 

Lee and Nauenberg discussed the collinear mass singularities related to the radi- 
ation of real photons from external photon lines. They showed, by considering suitable 
sums of 'degenerate' processes (where a fermion line is indistinguishable from a fermion 
and a collinear photon), that the mass singularities cancel. In the corresponding Feynman 
diagram calculations, mass singular logarithms appear at intermediate stages of the calcu- 
lation but cancel, order-by-order in a, when real and virtual contributions are added 0. 
In the case that the real and virtual diagrams for final state radiation form a gauge in- 
variant set, the cancellation of logarithms is exact. The cancellation does not, however, 
occur for initial state radiation, or if cuts are applied to the angles and energies of the 
final state photons. 

The KLN theorem has been discussed in some detail in a recent paper by the present 
author where it is pointed out that uncancelled mass-singular logarithms occur at 
O(a^) in final state radiative corrections due to diagrams where a virtual photon splits 
into a fermion pair. The corresponding renormalised amplitudes are related via analytical 
continuation and unitarity cuts to the UV divergent ones discussed by Kinoshita. 

In the present paper radiative corrections due to vacuum polarisation loops (forming 
a gauge invariant set) in the renormalised amplitude for the scattering of unequal mass 
fermions by one-photon exchange is considered. A similar process (e-/i scattering) was 
also considered in Ref . [4] , using a number of different renormalisation schemes, and where 
the mass-singular nature of the amplitude for any non- vanishing value of a, in accordance 
with the conclusions of Ref.[l], was confirmed. Here the 'quasi-massless' limit of the 
theory, where a and vrtj are treated as free parameters, will be considered, as well as 
constraints derived by requiring convergence of the Dyson sum of the one-loop effective 
charge for an arbitary renormalisation scale. 

The plan of the paper is as follows. In the following Section the information on the 
value of a and the fermion masses that may be derived from ideal measurements of the 
differential cross-section of the lepton-lepton scattering process will be considered. In 
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Section 3 the one-loop Renormalisation Group Equation (RGE) for the effective charge 
a^^^ is recalled, as well as the relation of its solution to the diagrammatic description of 
the lepton-lepton scattering amplitude, taking into account radiative corrections due to 
vacuum polarisation insertions. Requiring convergence of the Dyson sum will be shown 
to give an upper limit on the renormalisation scale for which the RGE is valid, and also a 
lower hmit on the mass of the hghtest fermion. Theories of the 'quasi-massless' type are 
thus excluded if the solution of the RGE is convergent. In Section 4 the phenomenology 
of the formalism of Section 3 is developed and combined with the Standard Electroweak 
Model to provide bounds on the fine structure constant or the mass of the lightest fermion. 



2 Constraints on a and the Fermion Masses from 
Measurements of the Effective Charge 

The renormalised invariant amplitude for unequal mass charged lepton-lepton scatter- 
ing, including, to all orders, the effect of one-loop vacuum polarisation insertions: A^°°((5), 
is related to the effective charge a^^^ {ff) by the expression: 

M^{Q) = M\Q)a'"{Q)/a (2.1) 

where M^{Q) is the Born-level amplitude, a = a^ff{0) = 1/137.036..., and Q is the 
physical scale of the scattering process. Since, at the Born level, only a single diagram 
contributes to the scattering process, Q is unambiguously defined by the (space-like) 
virtuality of the exchanged photon (or photons), which is the Mandelstam variable t: 

Q-'^-t^ {Pa - Pb? ^ ^(1 - cos^) (2.2) 

In Eqn.(2.2), ^/s is the total centre-of-mass energy, 9* is the centre-of-mass scattering 
angle, and the 4- vectors Pa,Pb are defined in Fig.l, which also shows the diagrammatic 
representation of Eqn.(2.1). The last member of Eqn.(2.2) is valid for s ^ mf,m2 where 
mi, 1712 are the masses of the leptons li and l2- The effect of including Fermion Vacuum 
Polarisation Loops (FVPL) to all orders is to replace the 'bare' photon propagator of the 
Born term by the dressed propagator, indicated in Fig.l by the solid vertical line. The 
renormalisation scale dependent electric charge of the Born term (represented in Fig.l by 
open squares) is replaced by the effective charge at the physical scale Q: e^^^{Q) (the 
solid black circles) related to a^^^ {Q) by: 

a^//(Q) = e^-^^(Q)V47r (2.3) 

In Eqn.(2.1) the conventional on-shell renormalisation scheme has been used, so that 
the coupling constant appearing in the Born term is just a. The infinite sequence of 
diagrams shown in Fig.l gives a geometric series for the effective charge. Using on-shell 
renormalisation : 

a^f^iQ) = «[i + n« +(n«)^ + ...] 



Here IiIq-) is the one-loop (indicated by the superscript) Photon Proper Self Energy Func- 
tion (PPSEF) in the on-shell scheme. For Uf different species of fermions [|, of mass 
and charge (in units of that of the positron) g^, the PPSEF is given by the expression: 



where pi = Q'^ /Amf and | 



n(i) 



1 



2a 
3^ 



(2.5) 



1=1 



(2.6) 



For Pi ^ 1 the function C{pi) reduces to the simplified asymptotic form: 



- In Api — - = In — — - 

2 6 m,- 6 



(2.7) 



On the other hand, for pj ^ 1, C{pi) 0, so that, at low scales, the contributions of 
heavy fermions to the effective charge decouple. 

The contribution of leptons with \qi\ = 1 to the PPSEF is first considered. If there is 
a hierarchy in the lepton masses such that: 



nil ^ ^ •••• 

then, away from the 'threshold' regions, where Q ~ rrii, the effective charge is described 
by the following simple formula: 



2n, 



In- 



Q 



where 



and 



Qhinf) = ruuf exp 



Stt ^ 5 
2nfa 6 
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(2.9) 
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mim2...m„ 



Here, n/ is the number of active lepton flavours. If ^ Q, the lepton i is decoupled 
and therefore 'inactive' at the scale Q. The evolution of [a'^^^{Q)]~^ for < Q < 171^ , 



according to Eqn.(2.8) is shown in Fig.2. For Q 



rUe, m 



^l1 



rrir the approximation used 



in Eqn.(2.8) breaks down and the full expression Eqns.(2.4)-(2.6) for the effective charge 
should be used. The subscript 'L' on Q in Eqn.(2.9) stands for 'Landau', and it can be 
seen from Eqn.(2.8) that, when Q = Ql, the effective charge becomes infinite 0. As 
shown in Fig.2, the larger the number of active lepton flavours, the smaller is Ql. The 
Landau scales for 1, 2, 3 active flavours are given by the intersections of the lines L1,L2,L3 
with the abscissa [a'^-^'^]"^ = 0. The respective scales are: 10^^^, 10^^^, 10^^ GeV, which 

^ For quarks the effect of the colour quantum number of QCD can be correctly included by assigning 
quarks of different colours to different species. 

^Since the 4-momenta squared of the virtual photons are space-like there is no actual threshold, but, 
because of the decoupling property of the function £, the functional dependence of a'^-^^ on Q changes 
when Q '2:^ rrii. 
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may be compared to the Planck scale Qp of 1.22x10^^ GeV. These 'supra-cosomological' 
scales are due to the appearance of («)~^ in the exponential factor in Eqn.(2.9). 

The question is now asked: 'What information on the values of the lepton masses and 
a can be derived from measurements of of'^^{ff)T A semi-realistic gedankenexperiment 
could simply measure the differential cross-section da/dt for the lepton- lepton scattering 
process shown in Fig.l. Applying all QED radiative corrections, except those due to 
FVPL, to da/dt yields da'^""' /dt. The effective charge is then given by the expression: 



sH^ da' 



2tt + m2 dt 



(2.10) 



where u is the third Mandelstam variable. Noting that = —t, then the masses of the 
H and r, in the example shown in Fig.2, can be determined by observing the positions of 
the 'kinks' in the logarithmic evolution of [a'^-^^{Q)]~'^. In fact, it is sufficient to derive 
the Landau scales Ql{1), Ql{2), (5l(3) from the lines L1,L2,L3 in Fig.2 to determine 
and m^. Eqns.(2.9),(2.10) give: 

™. - %^expf-|) (2.11) 



Ql(1) V 6 

(2.13) 



Unless the experimental resolution is sufficiently good to directly observe the decoupling 
of the electron^ the values of mg (the mass of the lightest fermion) and a cannot be 
separately determined. Their values are, however, constrained by the equation: 

Ql{1) =meexpi — + -) (2.14) 



.2a 6. 

Some value of a can reproduce the measured value of Ql{^) for any value of rrie, however 
small. Such a 'quasi-massless' theory is indistinguishable from conventional QED for 
measurements of the effective charge, based on Eqn.(2.10), and sensitive only to scales 
Q ^ me- Of course, many low energy experimental measurements can easily distinguish 
between conventional QED and a quasi-massless version with much smaller values of rrie 
and a. For example, the energy levels of the hydrogen atom are ~ meO;^. However, the 
the impact of the actual values of the particle masses on the high energy behaviour of 
a theory remains of great interest, particularly in view of a similar discussion for QCD, 
where, because of confinement, no classical limit can be defined. 



Convergence Properties of the Effective Charge for 
Arbitary Renormalisation Scales. Renormahsation 
Group Equations 



Making the replacement Q — ^ /i in Eqns.(2.4)-(2.6), and then eliminating the fine 

^ For scales below the electron mass, the effective charge is essentially constant, and the classical 
(Thomson) limit is approached. This region is discusssed in detail in Ref.[7] 
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structure constant a between the new equations and (2.4)-(2.6), leads to an alternative 
expression for the effective charge a'^^^{Q): 

where 

~ _ P' 
Pi = 



Since this equation holds for all values of fi, (modulo the convergence constraints to 
be discussed below), the right side of Eqn.(3.1) is independent of ^. Setting /i = 0, 
for example, Eqns.(2.4)-(2.6) are recovered, as C{pi) = C{0) = 0. It is convenient, for 
the subsequent discussion, to set Q = and to leave /i as a free parameter. Since 
a'^-^-^(O) = a, Eqn.(3.1) then gives: 

What is the physical interpretation of this equation? Referring to Fig. 1 and Eqn.(2.4), 
the right side of Eqn.(3.2) represents the sum of the series of diagrams with FVPL shown 
in Fig. 1, but with a different choice of renormalisation subtraction scale; /i rather than 
zero as in Eqn.(2.4). Thus the open square boxes in Fig. 1 now represent e'^-^^lfi) rather 
than e'^-^^lO) = e as in Eqn.(2.4). Now, Eqn.(3.2) will be consistent with the diagram- 
matic description provided that the denominator of the right side correctly represents the 
geometric sum of the Dyson series P|: 

a = Y-^) = "'^^(/^) [l - n(/^) + ^(Pf + •••] (3.3) 

where 

The necessary condition for this is that 0: 

|n(/i)|<i (3.5) 

The convergence condition (3.5) for the geometric series has the following three conse- 
quences: 

(i) For any renormalisation scale fi Eqn.(3.2) represents a convergent infinite series 
provided that: 

a'^^(/i) < 2a. 

(ii) For any renormalisation scale fi, consistent with the condition given in (i), a definite 
lower limit on the mass of the lightest fermion exists. 

(iii) For any given mass of the lightest fermion, an upper limit exists for fi consistent 
with Eqn.(3.5) and the condition given in (i). 



Actually, Q does not need to be strictly zero, but to statisfy the condition: Q ^ mi where mi where 
is the mass of the lightest fermion, so that, to high accuracy, C{pi) = 0. 
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For simplicity, the case of a single fermion of mass m and charge |g| = 1 in the FVPL 
will be considered. In the subsequent Section the contributions of all known leptons and 
quarks to the effective charge will be taken into account. With only one active fermion 
flavour, and p = p^ /Am? ^ 1 the convergence condition becomes: 



m 



< 1 



(3.6) 



where 



a,. 



For fixed /x, the lower limit on m is then 

rriMiN = /i exp 
and for fixed m, /i has the upper limit: 

AiMAx = m exp 



/ Sir 




[2a ^ 


'!)] 


Y 37r 




\2aMAx 



(3.7) 



(3.8) 



Since, when m = trmin or /i = fiMAX, o:^ = 2a, Eqns.(3.7),(3.8) may also be written: 

(3.9) 
(3.10) 



rriMiN 

I^MAX 



/iexp 
mexp 



r /Sir 
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37r 5 
4^ ^ 6 



The upper limit on the renormalisation scale in Eqn.(3.10), as a function of the values 
of fermion mass and a, is much stronger than that on the physical scale Q found by 
Landau [0. For one active lepton flavour, Eqn.(2.9) gives, for the Landau scale: 



(5l(1) = mexp 



Y37r 




\2^ ' 





so that 



[i'MAX = (5L(l)exp 



37r 
4a 



QLiX) X 10- 



-140 



(3.11) 



(3.12) 



Since Ql^X) m = mg is 10^'''^ GeV, then the corresponding value of Umax is 10^^'' 
GeV, still a supra-cosmological scale much larger than the Planck scale. Setting n = Qp 
in Eqn.(3.9) gives mMiN = 10"^^^ GeV, which is the comfortable factor of 2 x 10~^^^ 
below the mass of the electron. Although the convergence condition rigorously excludes 
theories of the quasi-massless type, its impact on physics in the interesting range of scales 
rrie < Q < Qp would appear to be negligible. As will be explored in more detail below, 
this is no longer the case if all FVPL contributions are taken into account and a is also 
treated as a free parameter. For example, setting uimin = and = Qp in Eqn.(3.9) 
requires that a < 0.046. So this condition requires that the fine structure constant 
is 'small', no larger than about 6 times its actual value. As shown in Section 4 below, 
much more restrictive conditions are obtained by including all known vacuum polarisation 
contributions to the effective charge. 

The above considerations may be generalised by choosing an arbitary scale Q in 
Eqn.(3.1), rather than setting (5 = 0. If the scales Q, n are large compared to all fermion 
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masses the asymptotic form for £, Eqn.(2.7), may be used. Then Eqn.(3.1) (with 
Qi = 1 for all i) may be written as: 



a. 



1 + 



(3.13) 



A convergence condition analagous to Eqn.(3.5) then leads to restrictions on the scales 
Q, 11 and the values of and aq. For > Q these are: 



a) for fixed Q: 



b) for fixed /i: 



fJ' < I^MAX 

< OtMAX 

Q > Qmin 

OiQ > C^MIN 



Q exp 
2aQ 



3n 



_AnfaQ_ 



/xexp 
0.5a,, 



2nfa 



(3.14) 
(3.15) 

(3.16) 
(3.17) 



Eq.(3.13) can also be interpreted as a solution of the 1-loop Renormalisation Group Equa- 
tion (RGE) for the effective charge [110]: 



Q 



where 



da 
dQ 



j3{a) = -ba^ 



(3.18) 



vr ' 3 ■ 

Now, while it is always true that Eqn.(3.13) is a solution of Eqn.(3.18), whether or not 
H and Q satisfy the restrictions (3.14)-(3.17), the corresponence between the RGE, its 
solution (3.13), and the geometric sum shown in Fig.l (which is simply an expression 
of quantum mechanical superposition) only holds if these restrictions are respected. To 
show this, consider the contribution of the first n terms of the Dyson sum: 



a. 



1-R + R' - ... + R" 



where the common ratio of the geometric series is: 



R 



^41 



The finite sum in (3.19) is: 



SniR) 



-R) 



n+l 



1 + R 

while the derivative of S'„ with respect to R is: 



1 + R 



dSn 

~dR 



Ry 



{l-(-/?)"[l+n(l + i?)]} 



(3.19) 



(3.20) 



(3.21) 



(3.22) 
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Eqns.(3.19),(3.20) give: 



d(^_dd^_ dSn dR _ aldSn 



The values of Sn{R) and dSn{R)/dR, in the large n limit, are shown in Table 1 for the 
five cases: 

R<-1, R=-l, -1<R<1, R=l, R>1. 

The asymptotic (n — > oo) behaviour of Sn{R) and dSn{R) / dR may be read off from the 
entries in Table 1. For R < —1, S'„ — > oo and dSn/dR —oo. For —1 < R < 1 finite, n 
independent, values Soo and dSoo/dR are found. For R = 1, Sn{R) and dSn{R) / dR exhibit 
finite oscillations, while for R > 1 they undergo infinite (sign alternating) oscillations. 
When — 1 < i? < 1 (respecting the restrictions (3.14)-(3.17)), Sn{R) and dSn{R) / dR are 
simply related: 

^ ^ -iS„f (3.24) 
Thus, using Eqn.(3.24), Eqn.(3.23) can be written, in the n ^ oo limit, as: 

dan ct?, o b / \2 , , 

which is equivalent to the RGE (3.18). For any other value of R, the partial differential 
equation (3.23) has no finite limit as n ^ oo and no RGE is obtained. It may be remarked 
that only for — 1 < i? < 1 does the right side of Eqn.(3.13) correctly represent the infinite 
sum 5*00. As shown in Table 1, the formula is correct for — 1 < i? < 1. For R = —1, the 
correct result, +oo, is also found. However, for R < —1, Eqn.(3.13) gives a finite negative 
value instead of the the correct value +oo. For R = 1 the value of 1/2 is found instead 
of a value oscillating between and 1, and, finally, for R > 1, Eqn.(3.13) gives a finite 
number between 1/2 and instead of the correct (infinitely oscillating) result. Only when 
R = —1 (corresponding, in the analagous case of Eqn.(2.4), to the Landau singularity) is 
the breakdown of convergence evident from Eqn.(3.13) itself. 

The essential conclusion of this Section is that the formula (3.1) for the effective charge 
corresponds to a finite Dyson sum only for values of the renormalisation subtraction scale 
II less than some upper limit. This limit is fixed either by the mass of the fermion in 
the FVPL (Eqn.(3.8)) or by the physical scale Q (Eqn.(3.14)). For a fixed renormali- 
sation scale there are complementary lower limits on the fermion mass (Eqn.(3.9)) or Q 
(Eqn.(3.16)). The upper limit on the renormalisation scale determined by the electron 
mass and a is, although still of supra-cosmological magnitude, a factor of 10^^° smaller 
than the Landau scale that fixes the upper limit on Q. The RGE for the effective charge is 
only valid within the convergence domain of the renormalisation scale, so Renormalisation 



Group Invariance [11 is similarly limited 



In the following Section, constraints on the mass of the lightest fermion and the value 
of a are derived by applying the convergence condition (3.5) to the effective charge, taking 
into account all known 1-loop FVPL contributions. 
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4 Constraints on a and from Convergence Con- 
ditions on the Effective Charge in the Standard 
Electroweak Model 



The convergence condition (3.5) implies that the relation between the the renormali- 
sation scale /i and the minimum mass of the lightest fermion (i.e. the electron) itlmin, is 
given by the following expressions: 



rriMiN = exp 



1 /Svr , 



(4.1) 



Fifi) = 2\n— — + 21n^ + — In^ (4.2) 

maTnr TUd 3 niu 9 



where 
and 



rud = {nismdnib) 3 , m„ = {171^171^) 2 



so that the top quark contribution and the (gauge dependent) W contributions to the 
effective charge may be neglected. Eqn.(4.1) is the generalistion, including all known 
fundamental fermion species, of Eqn.(3.9) where only one fermion species is included in the 
FVPL. The values of the fermion mass parameters used below in Eqn.(4.2) are presented 
in Table 2. For each quark flavour, 3 species of fermions are included in Eqn.(3.1) to take 
into account the colour quantum number of QCD. As is common practice [Q, the light 
quark masses = m^, rris are chosen so as to correctly reproduce the non-perturbative 
hadronic vacuum polarisation contribution deduced, via a dispersion relation, from the 
experimental data on e~^e~ hadrons. The quark and lepton masses in Table 2, when 
substituted in Eqn.(2.4) give: 

a^ff{Mzy^ = 128.9 



in agreement with recent estimates |T3[. The Z mass is taken to be 91.2 GeV P 



In the Standard Electroweak Model (SM) ||T5[, a and Mz are related by the expression: 

Ml = —27^ (4.3) 
sm Ztlw 

where 6w is the weak mixing angle and v is the vacuum expectation value of the Higgs 
field. The on-shell renormalisation scheme is used, so that: 

sin^^H' = l-^ (4.4) 

z 

and virtual electroweak corrections are neglected. 

An upper limit, olmax-, on the value of the fine structure constant is now obtained by 
requiring that a^^\Mz) is convergent in the sense discussed above 0. The limit obtained 

^For this it is assumed that the fermion masses and a. enter as uncorrelated parameters in the theory. 
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depends on the value of the remaining SM parameters: v and 9w- Two different hypothe- 
ses will be made. Firstly, that v is fixed at its measured value of ~ 252GeV and only 9w 
varies. Since 

where G is the Fermi constant, the strength of the low-energy weak interaction remains 
unchanged in this case. Secondly, the parameter v' defined as: 

^ = 4-6) 

is allowed to vary freely. Using Eqns.(4.1),(4.3) and (4.6) a^f^{Mz) is found to be con- 
vergent provided that a < a^^-^ where, with ttimin — iTie- 



v'x r 1 / Stt 



= exp 

rrif, 



- — - — F(v x) 



(4.7) 



and 

x=(o;^^^)^ (4.8) 

For fixed v' Eqn.(4.7) is an implict equation for a^^-^ that is readily solved numerically. 
The results are shown, as a function of sin^^vi^, for v = 252.2 GeV, in Fig. 3 and also, as a 
function of v', in Fig. 4. Also shown, in each case, is the vahie of Mz given by Eqn.(4.3) 
when a = a^^-^ . For the experimentally measured values of sin^^vi^ and v' (indicated by 
the vertical arrow) a^^^ is ~ 0.05 (i.e. ~ 7a) and M|^^^ is ~ 250 GeV. For smaller 
values of sin dw (or larger values of v') a marginally stronger restriction on a is obtained. 
Note that the minimum value of v' for constant v (and hence the strongest restriction on 
Mz) is obtained when sva.29w = 1 or 9w = 7r/4. This limit is indicated by the hatched 
vertical line in Fig. 3. 

Fixing the value of the fine structure constant to its experimental value a^^^, Eqn.(4.7), 
with the replacement x — > ^/«^, may be solved for the minimum value of the electron 
mass such that a^^^ {Mz) is covergent. The results, for different values of M^, are pre- 
sented in Table 3. The corresponding values of v' — Mzl\fa^ are also shown. At 
the actual value of the Z mass, corresponding to v' — 1068 GeV, the minimum value 
of the electron mass is 1.9x10"^^^ GeV. It is interesting to note that, when all known 
fermions are included in the FVPL, the minimum electron mass, at a scale of 853 GeV, 
is l.lxl0~^^° GeV, a factor 100 times greater than the minimum mass at the Planck 
scale of 1.22x10^^ GeV, given by Eqn.(3.9), where only one fermion species is considered. 
The convergence conditions become very much more restrictive when additional fermion 
species are included in the FVPL. 



5 Higher Order Corrections 



In the on-shell scheme the asymptotic PPSEF for a single fermion species is given, up 

While this seems reasonable for the leptons, which are described purely perturbatively, it is less evident 
for the non-pertubative domain of QCD, described here by effective light quark masses. It is possible 

that changing only a while leaving all QCD parameters constant, would modify also the effective light 
quark masses needed to describe the non-perturbative domain of QCD. Such refinements are neglected 
here 
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to two loops, by the expression 



16 



n(2)(g) 



2a 
3^ 



In 



Q 



m 



2 r 



In 



Q 



m 



+ C(3) 



5 

24 



(5.1) 



More generally, the next-to-leading logarithmic contribution to the PPSEF at order a" 

2 /^xnn-l 



IS 



4 Vtt 



1) 



3 \m 



(5.2) 



The terms given by (5.2) for successive values of n are those of a logarithmic series. Thus, 
the next-to-leading logarithms may be resummed to all orders in a to yield the effective 
charge, to next-to-leading logarithmic order 



a 



+ 7fin(i-n 



(5.3) 



(Q) 



where H^q^^ is the asymptotic form of the one loop PPSEF of Eqn.(2.5). 

The effect of the next-to-leading logarithmic terms is very small. For example, requir- 
ing positivity of the effective charge in Eqn.(5.3) leads to the condition: 

n[J^5"^ < 0.9917 

instead of the corresponding one- loop condition hIq^'' < 1. The Landau scale for one 
active flavour (mi = mg) is reduced from 10^^'' GeV to 10^^^ GeV. Similar corrections 
of < 1% are expected in the value of n(/i) given by the convergence condition (3.5) due 
to next-to-leading logarithmic terms. This is much less than other sources of error (for, 
example due to the approximate parameterisation of non-perturbative QCD effects by 
effective quark masses) in the phenomenological discussion of Section 4 above. In fact, 
for energy scales of current experimental interest the next-to-leading logarithmic terms 
in Eqn.(5.3) give a simple multiplicative correction to the one-loop PPSEF. Considering, 
for example, one fermion flavour (mi = rrie) and Q = 2 TeV gives 

n(i,oo) ^ 0.022. Then, 

since for small x, ln(l — x) ~ —x, the next-to-leading logarithmic correction modifies the 
one-loop PPSEF by the constant factor: 1 + 3a/(47r) = 1.00742. 



6 Concluding Remarks 



This study has shown that, in QED, complementary limits exist bounding from below 
the mass of the lightest fermion, and from above the the high energy scale at which 
the theory may be applied, if the freedom of choice of subtraction scale, that leads to 
Renormalisation Group Invariance, is respected. For smaller masses and higher scales, 
the geometric series (a consequence of quantum mechanical superposition) that yields the 
effective charge is not convergent, and the usual relation between the Dyson sum and 
the solution of the RGE breaks down. The limitations found in this way are much more 
restrictive than those considered by Landau using the conventional on-shell scheme 
with a fixed subtraction point. 
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The work described here may be extended in two different directions: 



(i) Within QED, consider the effect of multiple fermion loop effects in the PPSEF, and 
contributions due to W loops. 

(ii) Apply a similar analysis to the weak and strong interactions. 

As discussed in the previous section, even the leading correction of the type (i), due to 
next-to-leading logarithmic corrections, is small. On the other hand (ii) may be expected 
to lead to more interesting results. Replacing the invariant amplitude for charged lepton 
scattering considered here by the respective processes: z/;Z' —> Pil', uil' —>■ vid and qq' — ^ gg', 
the weak neutral current (Z exchange), weak charged current (W exchange) and the strong 
interaction (gluon exchange) may be investigated. In each of these processes, a single 
diagram contibutes at the Born level ,and, as in the QED case considered above, there 
is a unique physical scale in the corresponding 'running coupling constant'. The analysis 
of the latter, the analogue, for the weak or strong interactions, of the effective charge of 
QED, is complicated by problems of gauge dependence. These have been discussed, for 
neutral currents in the SM, by Baulieu and Coqueraux |T^. Because of 7 — Z mixing 
effects, it was concluded that only for a specific choice of covariant gauge a = = — 3 
can effective charges respecting a RGE be associated with the photon and Z propagators. 

In the case of QCD, although gluon and quark loops are expected to yield a geometric 
Dyson sum, the gluon loop contribution is gauge dependent, and UV divergent vertex 
diagrams containing the non-abelian triple gluon coupling must also be taken into account. 
Qualitatively, the result for the running coupling constant is expected to be determined 
by a geometric sum of the type: 

= (6.1) 

(where R is > 0) in contrast to QED where the corresponding series has the form: 

l + R + R' + ... = -^ (6.2) 

As is well known, the difference in the sign of R in Eqns.(6.1),(6.2) comes from the 
dominant contribution, in QCD, of diagrams containing the triple gluon coupling, which 
have the opposite sign (as in the case of W-pair loops in QED) to the fermion loops pO[| . 
Comparing Eqns.(6.1) and (6.2) it can be seen that there is no Landau singularity in 
QCD, where the coupling constant becomes infinite, but that a physical limitation will 
come rather from the convergence of the series in Eqn.(6.1), which is of the same type 
as that discussed above in connection with the domain of validity of the Renormalisation 
Group in QED. This problem has been investigated in a companion paper In view 
of the relatively large size of the QCD coupling constant it is to be expected, and indeed 
found, that much more stringent restrictions apply than the Landau condition in QED. 
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R<-1 


R=-l 


-1 < i? < 1 


i?= 1 


R > 1 


Sn 




n+1 


1 

1+R 


1 (n even) 

(ii odd) 








dSn 

dR 


n(-R)" 


n(n+l) 


-1 


n/2 (n even) 
l)/2 (n odd) 


n{-R)" 


1+R 


2 




1+R 



Table 1: Values of the sum Sn of a geometric series and of dSn/dR, in the large n hmit, 
for different values of the common ratio R. 



Fermion c 


fi 


r 


u 


d 


s 


c 


b 


t 


Mass (McV) 0.511 


105.7 


1777 


36.9 


36.9 


500 


1570 


4906 


1.8x10^ 



Table 2: Fermion mass parameters used for the vacuum polarisation loops, — 
{msmcimb)3 . For < rrit, = {myrric)^ . For > mj, = {mumcmt)^ 



Mz (GeV) 


17.1 


34.2 


91.3 


171.0 


427.6 


853.2 


v' (GeV) 


200 


400 


1068 


2000 


5000 


10000 




5.4x10-1^^ 


5.5x10-135 


1.9x10-128 


2.9x10-126 


6.4x10-123 


1.1x10-120 



Table 3: Minimum values of the electron mass for convergence of a^-^f{Mz), for different 
values of Mz, in the Standard Electroweak Model. Mz — \foLv' . 
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Figure 1: Dyson sum of the 1-loop FVPL generating the effective QED couphng constant 
in the process /1/2 hh- Open square boxes: renormahsed couphng constant with ar- 
bitary renormahsation scale. Sohd circles: renormahsed coupling constant at the physical 
scale Q. Solid vertical hne: dressed photon propagator. 




Figure 2: [a^'-^-^ {Q)]~^ versus InQ (MeV), showing the decoupling of the FVPL due to 
r, fi, e. Quark contributions are neglected. The solid lines indicate regions where the 
asymptotic formula (2.8) is valid. 



16 




Figure 3: Upper limits on the fine structure constant, a, and the Z mass, Mz in the 
Standard Electroweak Model as a function of sin^^vi^ (sec text), v = 252.2 GeV is assumed. 
The vertical arrow shows the experimental value of sin^vF- The cross-hatched theoretical 
bound corresponds to the minimum value of M^^-^ and the maximum value of a^^-^ , 
obtained when sin 9^ = 1/ V^- 
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5 6 7 8 9 10 

Irm' (GeV) 

Figure 4: Upper limits on the fine structure constant a and the Z mass Mz in the 
Standard Electroweak Model as a function of Ini;' (GeV) (see text). The vertical arrow 
shows the experimental value of In v'. 
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